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Introduction



Uniqueness of Identity Proofs (UIP)

Equality in Dependent Type Theory

- Agda [Agd25a], Rocq [Roc25], Lean [MU21], etc. are based on Dependent Type Theory
» Slogan: “propositions as types, proofs as programs”

-« The equality proposition is represented by the Martin-Lof Identity Type
» one constructor: reflexivity

» eliminator J can derive symmetry, transitivity, and substitutivity.

- Also known as propositional equality, not to be confused with definitional equality
(meta-theoretic equality).
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Uniqueness of Identity Proofs (UIP)

Uniqueness of Identity Proofs
Uniqueness of Identity Proofs (UIP) [HS94] postulate: are proofs of equality in Type
Theory unique?

- Setoid model [Hof97] supports UIP
- Groupoid model [HS94] refutes UIP

hence UIP does not necessarily hold for every type theory.

Homotopy Type Theory (HoTT) [Uni13]
Vastly generalises the non-uniqueness of identity proofs.

”

Slogan: “propositions as types, proofs as programs, equalities as paths

Univalence axiom: (A B) ~ (A ~ B) incompatible with UIP.

EType
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Cubical Type Theory & Cubical Agda

Cubical Type Theory (CubTT)
A flavour of HoTT [Coh+17] implemented by Cubical Agda [VMA21].

Some advantages of CubTT over Dependent Type Theory:
- Functional extensionality (pointwise equal functions are equal)
- Quotient Inductive Types (QITs) as an instance of Higher Inductive Types (HITs)
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Cubical Type Theory & Cubical Agda

Cubical Type Theory (CubTT)
A flavour of HoTT [Coh+17] implemented by Cubical Agda [VMA21].

Some advantages of CubTT over Dependent Type Theory:
- Functional extensionality (pointwise equal functions are equal)
- Quotient Inductive Types (QITs) as an instance of Higher Inductive Types (HITs)

Cubical Agda and... UIP?

Suppose if we have a consistent way to combine them, then we could get...

- a simpler system for verification (one equality level instead of infinitely many)

- a new metatheory which researchers would like to work in [Coc19, Pit20, Shu17]
- ...but naively postulating UIP in Cubical Agda blocks computation!

..(UIP (Ax A)abpq)... =5 ...(UIP (Ax A)abpq)..
—% -.(UIP (A x A)abp q)... never reduces!

Yee-Jian Tan: Towards Computational UIP in Cubical Agda 02 September, 2025 5/30



What if | tell you...

 Glue Types is the only source of univalence in CubTT
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What if | tell you...

 Glue Types is the only source of univalence in CubTT

- if we have a Cubical Agda variant without Glue, then one can safely
postulate UIP as an axiom (consistent by a set model)...
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What if | tell you...

 Glue Types is the only source of univalence in CubTT

- if we have a Cubical Agda variant without Glue, then one can safely
postulate UIP as an axiom (consistent by a set model)...

- where functional extensionality holds, QITs too...
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What if | tell you...

Glue Types is the only source of univalence in CubTT

if we have a Cubical Agda variant without Glue, then one can safely
postulate UIP as an axiom (consistent by a set model)...

where functional extensionality holds, QITs too...

What if: instead of a computation blocking axiom, we can have UIP
that computes?
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Computational UIP in Cubical Agda

Our plan for computational behaviour for UIP in Cubical Agda:

1. Avariant of Cubical Agda without Glue Types (hence without univalence) to ensure
UIP compatibility.

2. The proofs of UIP compute automatically based on their type derivation.

..(UIP (Ax A)abpq)...
— g ...|UIP-product (UIP A (mya) (myb)...) (UIP A (7ya) (7yb)...)]... inductive case

—>g .- computes away

and so on, reaching base types (such as 0,1) or quotient inductive types.
Essentially a proof by induction on type derivation!

3. It remains to detail all computation rules (e.g. inductive cases: preservation by
type formers) in a suitable UIP formulation.
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Contributions

In this internship, |

1. extended Cubical Agda (which implements CubTT) with a --cubical=no-glue Variant
(https:/ /github.com/agda/agda/pull/7861)

2. propose implementing computational UIP as an induction on type derivation
- base cases = base types + (possibly higher) inductive types
- inductive cases = preservation by type formers

3. propose homogeneous SqFill and heterogeneous SqPFill as equivalent
generalisations of UIP

4. prove the preservation of SqFill and SqPFill < by 4 type formers:
- Pi (dependent functions)
- Sigma (dependent products),
- Coproducts (disjoint sum), and
- Path types (equality types).
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https://github.com/agda/agda/pull/7861
https://swampertx.github.io/hset-cubical/Everything.html

A (Pictorial) Crash Course on
Cubical Type Theory




Cubical Type Theory (Simplified)

« CubTT takes the “equalities as paths” slogan literally:
» paths (just like in topology) are functions from the interval typep: I — A
p(0) =a,p(l) =b,thenp:a=0b
» points (A), line (I — A), squares (I? — A), cubes (I3 — A), ...
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Cubical Type Theory (Simplified)

« CubTT takes the “equalities as paths” slogan literally:
» paths (just like in topology) are functions from the interval typep: I — A
p(0) =a,p(l) =b,thenp:a=0b
» points (4), line (I — A), squares (I? — A), cubes (I3 — A), ...
« Two primitive structures:
1. Interval type I (for paths): a de Morgan algebra
(i.e. bounded distributed lattice (0, 1, A, V) + de Morgan involution ~)
» de Morgan laws (e.g. ~ (a Ab) =~aV ~ b)
» distributivity laws (e.g.a A (bVec) = (a Ab) V (a Ac))
» but NO LEM (a V ~ a = 1) nor absurdity (a A ~ a = 0)
2. Glue Types (for univalence)
- Two primitive operations in Cubical Agda (Kan operations):
1. hcomp (composition) and
2. transp (transport)
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Pictorial interpretation (node = object, edge = path)

« hcomp: homogeneously composing a path with partial sides to get a “lid”.

hcomp of a homogeneous path p along partial sides w.
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Pictorial interpretation (node = object, edge = path)

« hcomp: homogeneously composing a path with partial sides to get a “lid”.

hcomp u p
® - > e
U U
a > b
p

hcomp of a homogeneous path p along partial sides w.
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Pictorial interpretation (node = object, edge = path)

« hcomp: homogeneously composing a path with partial sides to get a “lid”.

« comp: heterogeneously composing a path with partial sides to get a “lid”.

p0O0 »p 10
Ny AEG)AT N
plO »pll
comp of a heterogeneous square p along partial sides .
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Pictorial interpretation (node = object, edge = path)

« hcomp: homogeneously composing a path with partial sides to get a “lid”.

« comp: heterogeneously composing a path with partial sides to get a “lid”.

|5

p00—Y > D T U
BTV ITAN
plO »pll
comp of a heterogeneous square p along partial sides .

Yee-Jian Tan: Towards Computational UIP in Cubical Agda 02 September, 2025 1 /30



Pictorial interpretation (node = object, edge = path)

« hcomp: homogeneously composing a path with partial sides to get a “lid”.

« comp: heterogeneously composing a path with partial sides to get a “lid”.

L e > @
~._ comp _u
)I\ [ Y E——— S o
u u
p00 “T yp 10 U
Ny #(ij)-flw .
plO »pll

comp of a heterogeneous square p along partial sides .
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Pictorial interpretation (node = object, edge = path)

« hcomp: homogeneously composing a path with partial sides to get a “lid”.
« comp: heterogeneously composing a path with partial sides to get a “lid”.

Glue types: comp but for types, where » can be type equivalences (instead of paths)

“\\Acomp up ;‘
@ ——-—-—-ofooooee- °
u ’7

p00 “T »yp10 [“
NE VAN
pl0 yp11
comp of a heterogeneous square p along partial sides w.
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Pictorial interpretation (node = object, edge = path)

« hcomp: homogeneously composing a path with partial sides to get a “lid”.
« comp: heterogeneously composing a path with partial sides to get a “lid”.

Glue types: comp but for types, where » can be type equivalences (instead of paths)

* transport : V(A : I — Type). A0 — Al.

a:AQ
Transporting along the line of types A.
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Pictorial interpretation (node = object, edge = path)

« hcomp: homogeneously composing a path with partial sides to get a “lid”.
« comp: heterogeneously composing a path with partial sides to get a “lid”.

Glue types: comp but for types, where » can be type equivalences (instead of paths)
* transport : V(A : I — Type). A0 — A 1.

transport Aa: A1l

a:AQ
Transporting along the line of types A.
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Pictorial interpretation (node = object, edge = path)

« hcomp: homogeneously composing a path with partial sides to get a “lid”.
« comp: heterogeneously composing a path with partial sides to get a “lid”.
Glue types: comp but for types, where » can be type equivalences (instead of paths)

* transport : V(A : I — Type). A0 — Al.
» “transportee” and the transported target are always propositionally equal.

transport Aa: A1l

% transport-fill A (p 0)

a:AQ
Transporting along the line of types A.
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Pictorial interpretation (node = object, edge = path)

« hcomp: homogeneously composing a path with partial sides to get a “lid”.
« comp: heterogeneously composing a path with partial sides to get a “lid”.

Glue types: comp but for types, where » can be type equivalences (instead of paths)

* transport : V(A : I — Type). A0 — Al.
» “transportee” and the transported target are always propositionally equal.

» In a square of types A : I — I — Type, any two types A jand A’ j° has a path
between them: A\(k : I).A coe,(i,i") coe,(7,5").

transport Aa: A1l

% transport-fill A (p 0)

a:AQ
Transporting along the line of types A.
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Properties of Equality

Let’s show reflexivity, symmetry, transitivity, and substitutivity (Leibniz's law).
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Properties of Equality

Let’s show reflexivity, symmetry, transitivity, and substitutivity (Leibniz's law).

» reflexivity?
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Properties of Equality

Let’s show reflexivity, symmetry, transitivity, and substitutivity (Leibniz's law).

- reflexivity? constant functions from I (e.g. refl {a} == A(i:I).a: I — A)
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Properties of Equality

Let’s show reflexivity, symmetry, transitivity, and substitutivity (Leibniz's law).
- reflexivity? constant functions from I (e.g. refl {a} := A\(i : I).a : I — A)

« symmetry?
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Properties of Equality

Let’s show reflexivity, symmetry, transitivity, and substitutivity (Leibniz's law).
- reflexivity? constant functions from I (e.g. refl {a} := A\(i : I).a : I — A)

- symmetry? negating path variables (e.g. sym p := \(i : I).p (~ 1))
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Properties of Equality

Let’s show reflexivity, symmetry, transitivity, and substitutivity (Leibniz's law).
- reflexivity? constant functions from I (e.g. refl {a} :==A(i:I).a: I — A)
- symmetry? negating path variables (e.g. sym p := \(i : I).p (~ 1))

« transitivity?

Yee-Jian Tan: Towards Computational UIP in Cubical Agda 02 September, 2025 12 / 30



Properties of Equality

Let’s show reflexivity, symmetry, transitivity, and substitutivity (Leibniz's law).
- reflexivity? constant functions from I (e.g. refl {a} :==A(i:I).a: I — A)
- symmetry? negating path variables (e.g. sym p := \(i : I).p (~ 1))

« transitivity? by hcomp:

a—— b
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Properties of Equality

Let’s show reflexivity, symmetry, transitivity, and substitutivity (Leibniz's law).
- reflexivity? constant functions from I (e.g. refl {a} :==A(i:I).a: I — A)
- symmetry? negating path variables (e.g. sym p := \(i : I).p (~ 1))
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Properties of Equality

Let’s show reflexivity, symmetry, transitivity, and substitutivity (Leibniz's law).
- reflexivity? constant functions from I (e.g. refl {a} :==A(i:I).a: I — A)
- symmetry? negating path variables (e.g. sym p := \(i : I).p (~ 1))

« transitivity? by hcomp:

a

refl q

C
a—— )
p
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Properties of Equality

Let’s show reflexivity, symmetry, transitivity, and substitutivity (Leibniz's law).
- reflexivity? constant functions from I (e.g. refl {a} := A\(i : I).a : I — A)

- symmetry? negating path variables (e.g. sym p := \(i : I).p (~ 1))

« transitivity? by hcomp:

hcomp (refl, q) p
a ----- > C

K

a—— )
p

refl
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Properties of Equality

Let’s show reflexivity, symmetry, transitivity, and substitutivity (Leibniz's law).
- reflexivity? constant functions from I (e.g. refl {a} := A\(i : I).a : I — A)

- symmetry? negating path variables (e.g. sym p := \(i : I).p (~ 1))

« transitivity? by hcomp:

hcomp (refl, q) p

a -----1 > C
refl Tq
a——)
p

- substitutivity (V(P: A — Type).(xy: A).(p: x = y).Px — Py)?
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Properties of Equality

Let’s show reflexivity, symmetry, transitivity, and substitutivity (Leibniz's law).
- reflexivity? constant functions from I (e.g. refl {a} := A\(i : I).a : I — A)

- symmetry? negating path variables (e.g. sym p := \(i : I).p (~ 1))

« transitivity? by hcomp:

hcomp (refl, q) p
a ----- > C

K

a——)
p

refl

- substitutivity (V(P : A — Type).(zy : A).(p: z = y).Pz — Py)?
transport along the line of types A(i : I).P(p ).
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Implementation: Cubical Agda
without Glue




Cubical Agda without Glue

» ...Is a Cubical Agda variant designed to be compatible with UIP.

« Three Cubical-related variants already exist:
1. Full Cubical --cubical and
2. Cubical with Erased Glue --erased-cubical
3. Cubical-Compatible --cubical-compatible
« Two key safety features: --cubical=no-glue Should have...
1. NO primitive Glue types and terms
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Cubical Agda without Glue

» ...I1s a Cubical Agda variant designed to be compatible with UIP.
« Three Cubical-related variants already exist:

1. Full Cubical --cubical and

2. Cubical with Erased Glue --erased-cubical

3. Cubical-Compatible --cubical-compatible
« Two key safety features: --cubical=no-glue Should have...

1. NO primitive Glue types and terms: requireCubical <variant> in the 1ch monad
2. NO imported modules can contain Glue
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Cubical Agda without Glue

... Is a Cubical Agda variant designed to be compatible with UIP,
Three Cubical-related variants already exist:
1. Full Cubical --cubical and
2. Cubical with Erased Glue --erased-cubical
3. Cubical-Compatible --cubical-compatible
Two key safety features: --cubical=no-glue Should have...
1. NO primitive Glue types and terms: requireCubical <variant> in the 1ch monad
2. NO imported modules can contain Glue:
» total order on variants: --cubical={full,erased,glue,compatible}
» require dependent modules to enable Cubical (“infective option”)
https://github.com/agda/agda/pull/7861
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https://github.com/agda/agda/pull/7861

Cubical Agda without Glue

... Is a Cubical Agda variant designed to be compatible with UIP,
Three Cubical-related variants already exist:
1. Full Cubical --cubical and
2. Cubical with Erased Glue --erased-cubical
3. Cubical-Compatible --cubical-compatible
Two key safety features: --cubical=no-glue Should have...
1. NO primitive Glue types and terms: requireCubical <variant> in the tcv monad
2. NO imported modules can contain Glue:
» total order on variants: --cubical={full,erased,glue,compatible}
» require dependent modules to enable Cubical (“infective option”)
https://github.com/agda/agda/pull/7861
Type checks Glue-less parts of the Cubical Library [Agd25b]!
Type checks our SqFill, SqPFill proofs! (which definitely shouldn’t use Glue...)
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The Tale of Two Square-Fills




Generalising UIP: SqFill

» UIP A:for any two proofs of identitypq: z =, y, we havep=,_  q.

p
z UIPAzypg y

'

q

Yee-Jian Tan: Towards Computational UIP in Cubical Agda 02 September, 2025 16 / 30



Generalising UIP: SqFill

« UIP A:for any square with two (opposing) reflexive sides, we have a filling.

x p > Y
UIPAHJ:ypq
i
4 q > Y

Square with reflexive sides.

Yee-Jian Tan: Towards Computational UIP in Cubical Agda 02 September, 2025 16 / 30



Generalising UIP: SqFill

« UIP A:for any square with two (opposing) reflexive sides, we have a filling.

x p > Y
UIPAHJ:ypq
3
4 q > Y

Square with reflexive sides.

 SqFill A: Any hollow square in A has a filling.
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Generalising UIP: SqFill

« UIP A:for any square with two (opposing) reflexive sides, we have a filling.

» SqFill A: Any hollow square in A has a filling.

lu ru

1d rd
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Generalising UIP: SqFill

« UIP A:for any square with two (opposing) reflexive sides, we have a filling.

» SqFill A: Any hollow square in A has a filling.

u

~

lu ru

1d

~

rd
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Generalising UIP: SqFill

« UIP A:for any square with two (opposing) reflexive sides, we have a filling.

» SqFill A: Any hollow square in A has a filling.

u
lu > TU
SqFill A
l ::::::::::::::> /r'
1d > rd
d

- Surprisingly, SqFill <+ UIP, even though easier to use!
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Generalising UIP: SqFill

« UIP A:for any square with two (opposing) reflexive sides, we have a filling.

» SqFill A: Any hollow square in A has a filling.

u
lu > TU
SqFill A
l ::::::::::::::> /r'
1d > rd
d

- Surprisingly, SqFill <+ UIP, even though easier to use!

* Let’s see how hard are the SqFill preservation proofs.
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SqFill: Summary

SqFill (homogeneous Square-Filling)

Pi Trivial (no Kan operations)
Sigma Complicated: transport-fill-align

Standard encode-decode proof

Coproducts (J. hcomp)

Path Types | Simple (a single hcomp)
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How did the SqFill proofs go?

« Theorem (SqFill-Pi): If A : Type and B : A — Type has the SqFill property, then so
doesIl(a: A).B a.
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How did the SqFill proofs go?

« Theorem (SqFill-Pi): If A : Type and B : A — Type has the SqFill property, then so
doesIl(a: A).B a.

U

lu > TU

|| H(a:A).Ba |r

1d > rd
d

Hollow square of functions given.
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How did the SqFill proofs go?

« Theorem (SqFill-Pi): If A : Type and B : A — Type has the SqFill property, then so
doesIl(a: A).B a.

U ub
lu > TU lub > rub
|| H(a:A).Ba |r lbl == SqFill (B a) > lrb
1d p > rd 1db > rdb
db

Hollow square of functions given. Applying the hollow square to a, and fill.
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How did the SqFill proofs go?

« Theorem (SqFill-Pi): If A : Type and B : A — Type has the SqFill property, then so
doesII(a: A).B a. Trivial!

SqFillPiAB : SqFill ((a : A) » B a)
SqFillPiAB 1 rudi ja=SqfillBa(Ai~-1lia)(AMi-ria)(Ai-uia)(Ai-dia)i]j

Yee-Jian Tan: Towards Computational UIP in Cubical Agda 02 September, 2025 18 / 30



How did the SqFill proofs go?

« Theorem (SqFill-Pi): If A : Type and B : A — Type has the SqFill property, then so
doesII(a: A).B a. Trivial!

« Theorem (SqFill-Sigma): If A : Type and B : A — Type has the SqFill property, then
so does X(a: A).B a.
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How did the SqFill proofs go?

« Theorem (SqFill-Pi): If A : Type and B : A — Type has the SqFill property, then so
doesII(a: A).B a. Trivial!

 Theorem (SqFill-Sigma): If A : Type and B : A — Type has the SqFill property, then
so does X(a: A).B a.

U
lu > rd
[ l Y(a:A)Ba l T
1d > TU
d

Hollow square in ¥(a : A)B a.
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How did the SqFill proofs go?

« Theorem (SqFill-Pi): If A : Type and B : A — Type has the SqFill property, then so
doesII(a: A).B a. Trivial!

 Theorem (SqFill-Sigma): If A : Type and B : A — Type has the SqFill property, then
so does X(a: A).B a.

U 1 ()
lu > rd 7, (lu) > 7y (rd)
ll Y(a:A)Ba lr Wl(l)l lﬁ("“)
1d > Tu m, (1d >, (Tu
y 1 (1d) (@ 1 (ru)
Hollow square in X(a : A)B a. First projection in A.
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How did the SqFill proofs go?

« Theorem (SqFill-Pi): If A : Type and B : A — Type has the SqFill property, then so
doesII(a: A).B a. Trivial!

 Theorem (SqFill-Sigma): If A : Type and B : A — Type has the SqFill property, then
so does X(a : A).B a. First projection is trivial.

U ()
lu > rd 7, (lu) > 7y (rd)
l J/ E(Cl . A)B a J/ T 7Tl<l> J/ EEEE SqFlll A:::> J/ Ty (T)
1d > TU 7 (1d > 7, (ru
y  (1d) (@  (ru)
Hollow square in X(a : A)B a. First projection in A.
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How did the SqFill proofs go?

« Theorem (SqFill-Pi): If A : Type and B : A — Type has the SqFill property, then so
doesII(a: A).B a. Trivial!

 Theorem (SqFill-Sigma): If A : Type and B : A — Type has the SqFill property, then
so does X(a : A).B a. First projection is trivial.

U o ()
lu > rd m,(1u) > o (rd)
ll Y(a:A)Ba lr WQ(l)l)\(ij:I).B (sqa’ij)lwz(r)
1d > TU o (1d > To(TU
y 2(1d) o 2 (ru)
Hollow square in ¥(a : A)B a. Second projection
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How did the SqFill proofs go?

« Theorem (SqFill-Pi): If A : Type and B : A — Type has the SqFill property, then so
doesII(a: A).B a. Trivial!

 Theorem (SqFill-Sigma): If A : Type and B : A — Type has the SqFill property, then
so does X(a : A).B a. First projection is trivial.

u o (u)
lu > 1d 7o (lu) > o (rd)
ll Y(a:A)Ba lr WQ(l)l)\(ij:I).B (sqaij)lwz(r)
1d > TU o (1d > To(TU
y 2 (1d) o 2 (Tu1)
Hollow square in X(a : A)B a. Second projection is heterogeneous!

Yee-Jian Tan: Towards Computational UIP in Cubical Agda 02 September, 2025 18 / 30



How did the SqFill proofs go?

« Theorem (SqFill-Pi): If A : Type and B : A — Type has the SqFill property, then so
doesII(a: A).B a. Trivial!

 Theorem (SqFill-Sigma): If A : Type and B : A — Type has the SqFill property, then
so does X(a : A).B a. First projection is trivial.

U o (1) > o (1)
lu > rd \ \
[ l Y(a:A)Ba l r m5(1d) » my(rd)
1d > TU
d

Hollow square in ¥(a : A)B a.
Transporting the second projection

down to a fixed B (sqa i j).
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How did the SqFill proofs go?

« Theorem (SqFill-Pi): If A : Type and B : A — Type has the SqFill property, then so
doesII(a: A).B a. Trivial!

 Theorem (SqFill-Sigma): If A : Type and B : A — Type has the SqFill property, then
so does X(a : A).B a. First projection is trivial.

u my(lu) & (1"11)

lu > rd \

ll Y(a:A)Ba lfr

1d - () g my(lu)y,

~
~ \
~ ~
< N
> A

Hollow square in X(a : A)B a. To(ru);; ~=-=mmmmmrmeee » o (1),
Transporting the second projection

down to a fixed B (sqa i j).

7o (1d) § > o (rd)
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How did the SqFill proofs go?

« Theorem (SqFill-Pi): If A : Type and B : A — Type has the SqFill property, then so
doesII(a: A).B a. Trivial!

 Theorem (SqFill-Sigma): If A : Type and B : A — Type has the SqFill property, then
so does X(a : A).B a. First projection is trivial.

u
lu > rd
[ l Y(a:A)Ba l T
1d > TU mo(lu),; > T (lu)
d \
Hollow square in (a : A)B a. To(Tu); > o (lu)

Transporting the second projection
down to a fixed B (sqa i j).
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How did the SqFill proofs go?

« Theorem (SqFill-Pi): If A : Type and B : A — Type has the SqFill property, then so
doesII(a: A).B a. Trivial!

 Theorem (SqFill-Sigma): If A : Type and B : A — Type has the SqFill property, then
so does X(a : A).B a. First projection is trivial.

U
lu > rd
[ l Y(a:A)Ba l T
1d > TU > o U_)z
d \SqFlll (sqa zg)j\
Hollow square in X(a : A)B a. Ty (1), > mo(lu),

Transporting the second projection
down to a fixed B (sqa i j).
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How did the SqFill proofs go?

« Theorem (SqFill-Pi): If A : Type and B : A — Type has the SqFill property, then so
doesII(a: A).B a. Trivial!

 Theorem (SqFill-Sigma): If A : Type and B : A — Type has the SqFill property, then
so does X(a : A).B a. First projection is trivial.

u

lu > rd

ll Y(a:A)Ba lr

1d > TU > o U_)z

d \SqFlll sqa zg)j\
Hollow square in X(a : A)B a. Ty (1), > mo(lu),
Take the (¢, j)-th coordinate from the
fill.
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How did the SqFill proofs go?

« Theorem (SqFill-Pi): If A : Type and B : A — Type has the SqFill property, then so
doesII(a: A).B a. Trivial!

 Theorem (SqFill-Sigma): If A : Type and B : A — Type has the SqFill property, then
so does X(a : A).B a. First projection is trivial.

U
lu » rd
[ l Y(a:A)Ba l T
lu) > o (T1)
1d - o (1u)gg 2\I'W10
d N ™~

7o (1d) g > o (rd)qy
Collect all the (7, j)-th coordinates to
form a heterogeneous square.

Hollow square in ¥(a : A)B a.
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How did the SqFill proofs go?

« Theorem (SqFill-Pi): If A : Type and B : A — Type has the SqFill property, then so
doesII(a: A).B a. Trivial!

 Theorem (SqFill-Sigma): If A : Type and B : A — Type has the SqFill property, then
so does X(a : A).B a. First projection is trivial.

u o (l) ----emmmemmommcoeeee > o (ru)
lu > rd RN
A A
ll s A l 73 (1d) oo » (1)
1d S o (1u)gg > o (1)
d e ™~
7o (1d) o > T (rd) 1

Hollow square in X(a : A)B a. Aligning the sides of the heterogeneous

square in TII(i' 5 : I).B (sqai’j’) by
comp.
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How did the SqFill proofs go?

« Theorem (SqFill-Pi): If A : Type and B : A — Type has the SqFill property, then so
doesII(a: A).B a. Trivial!

 Theorem (SqFill-Sigma): If A : Type and B : A — Type has the SqFill property, then
so does X(a : A).B a. First projection is trivial.

u o (l) ----emmmemmommcoeeee > o (ru)
lu > rd RN
A A
[ l Y(a:A)Ba l T 7T2§d) --------------------- » mo(rd)
1d S o (1u)gg > o (1)
d N N
o (1d) o > Ty (rd)yy

Hollow square in X(a : A)B a. Aligning the sides of the heterogeneous

square in TII(i' 5 : I).B (sqai’j’) by
comp.
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How did the SqFill proofs go?

« Theorem (SqFill-Pi): If A : Type and B : A — Type has the SqFill property, then so
doesII(a: A).B a. Trivial!

 Theorem (SqFill-Sigma): If A : Type and B : A — Type has the SqFill property, then
so does X(a : A).B a. First projection is trivial. Second projection is complicated.

u L > o (T1)
lu > rd . RN
A A
g} sememmmamatnonnaanas > d
ll Y(a:A)Ba lfr 7T2<§ ) ma(rd)
lu) > o (ru)
1d S 111 o (1u)gg 2\I'W)10
d N I
o (1d) o1 > T (rd) 1

Hollow square in X(a : A)B a. Aligning the sides of the heterogeneous

square in II(: 5/ :I).B(sqai’j’) by
comp.
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How did the SqFill proofs go?

« Theorem (SqFill-Pi): If A: Type and B : A — Type has the SqFill property, then so

does II(a : A).B a. Trivial!

« Theorem (SqFill-Sigma): If A : Type and B : A — Type has the SqFill property, then
so does X(a : A).B a. First projection is trivial. Second projection is complicated.

if_then_elseend : I>1->1~1
if i then j else k end = (k A (~ 1V §)) v ((i Vv k) A j)

{-# INLINE if_then_else_end #-}

SqFillSignaAB : SqFill (X[ a € A ] B a)
SqFillSigmaAB 1 r u d i j .fst = SqFillA (cong fst 1) (cong fst r) (cong fst u) (cong fst d) i j
SqFillSigmaAB {lu} {1d} 1 {ru} {rd} rudi j .snd = outS (sgb i j)
where
sga : Square (cong fst 1) (cong fst r) (cong fst u) (cong fst d)
sga = SqFillA (cong fst 1) (cong fst r) (cong fst u) (cong fst d)

spread : (i

ji'j' :I)-sqgaij=sqgai'j'
spread i j i' j' k = sqa (if k then i' else i end) (if k then j' else j end)

lub : B (sqa iB i8)

lub = snd lu

lub' : B (sga i j)

lub' = transport (A k » B (spread i8 i@ i j k)) lub

LemmaLU : PathP (A k » B (spread i8 i8 i j k)) lub lub'

LemmalU k = transp (A 1 - B (spread i8 i8 i j (k A 1))) (~ k) lub

ldb : B (st 1d)

1db = snd 1d

ldb' : B (sqa i j)

1db' = transport (A k » B (spread i@ i1 i j k)) 1db

LemmalD : PathP (A k » B (spread i8 i1 i j k)) 1ldb 1db'

LemmalD k = transp (A 1 - B (spread i8 i1 i j (k A 1))) (~ k) ldb

1b : PathP (A k » B (spread iB i@ i8 i1 k)) lub 1ldb
1b = cong snd 1
1b' : PathP (A k » B (spread i j i j k)) lub' 1db'
1b' j' = comp (A k » B (spread (k A i) (k A j) (k A1) (~kV3)j))
(A where
k (j' = i8) - Lemmall k
k (§' = i1) - LemmalD k) (1b j')
Lemmal : PathP (A k' » PathP (A k » B (spread (k' A i) (k' A j) (k' A i) (~ k' V j) k)) (LemmalU k')
(LemmalD k')) 1b 1b'
Lemmal k' = transport-filler (A k' - PathP (A k » B (spread (k' A i) (k' A j) (k' A i) (~ k' V j) k))
(LemmaLU k') (LemmalD k')) 1b k'
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rub : B (fst ru)

rub = snd ru

rub' : B (sqa i j)

rub' = transport (A k » B (spread i1 i8 i j k)) rub

LemmaRU : PathP (A k » B (spread i1 i8 i j k)) rub rub'

LemmaRU k = transp (A 1 » B (spread i1 i8 i j (k A 1))) (~ k) rub

rdb : B (fst rd)

rdb = snd rd

rdb' : B (sqa i j)

rdb' = transport (A k » B (spread i1 i1 i j k)) rdb

LemmaRD : PathP (A k - B (spread i1 i1 i j k)) rdb rdb'

LemmaRD k = transp (A 1 » B (spread i1 i1 i j (k A 1))) (~ k) rdb

sgb-hollow
sgb-hollow
sgb-hollow

sgb-hollow
rb : PathP (A j » B (sqa i1 j)) rub rdb
rb = cong snd r

sgb'-hollow :
rb' : rub' = rdb' sgb'-hollow i' j' (i
rb' j' = comp (A k » B (spread (~ k v i) (k A j) (~ k v i) (~k Vv j)j") sgb'-hollow i' j' (i
(A where

k (j' = i@) > LemmaRU k
k (j' = i1) » LemmaRD k) (rb j')

LemmaR : PathP (A k' » PathP (A k » B (spread (~ k' v i) (k' A j) (~ k' v i) (~ k' v j) k)) (LemmaRU k') sgb' @ (i
(LemmaRD k')) rb rb' sgb’ j'
LemmaR k' = transport-filler (A k' = PathP (A k = B (spread (~ k' v i) (k' A j) (~ k' v i) (~ k" V j) k)
(LemmaRU k') (LemmaRD k')) rb k' sgb @ (i'

ub : PathP (A i - B (sqa i i8)) lub rub
ub = cong snd u
ub' : lub' = rub'
ub' i' = comp (A k » B (spread (k A i) (k A j) (~ kv i) (kA j)i'))
(A vhere
k (i' = i8) ~ Lemmall k
k (i' = i1) > LemmaRU k) (ub i')
Lemmal : PathP (A k' -» PathP (A k » B (spread (k' A i) (k' A j) (~ k' v i) (k' A j) k)) (Lemmall k')
(LemmaRU k')) ub ub'
Lemmal k' = transport-filler (A k' - PathP (A k » B (spread (k' A i) (k' A j) (~ k' v i) (k' A J) K))
(LemmaLU k') (LemmaRU k')) ub k'

db : PathP (A i » B (sga i i1)) 1db rdb
db = cong snd d
db' : 1db' = rdb'

sgb-hollow :

sgb'-hollow i' j'
sgb'-hollow i' j' (j' = i1) = db'

02 September, 2025

db' i' = comp (A k » B (spread (k A 1) (~ k v ) (~k v i) (~ kv j)i')

(A where
k (i' = i8) > LemmalD k
k (i' = i1) > LemmaRD k) (db i')

LemmaD : PathP (A k' - PathP (A k » B (spread (k' A i) (~ k' V j) (~ k' v i) (~ k' V j) k)) (LemmalD k')
(LemmaRD k')) db db*

LemmaD k' = transport-filler (A k' - PathP (A k » B (spread (k' A i) (~ k' Vv j) (~ k' v i) (~ k' V j) k))
(LemmalD k') (LemmaRD k')) db k'

(' §' : 1) - Partial (i' v j' v~ i' v~ j') (B (sqai'j')
i3 (d'=10) = 1§ .snd
i3 @ =i = e § .snd
i3 (' =i8) = ui' .snd
i3 =i =d i .snd

(i' §' : 1)~ Partial (i' v j' v~ 1i' v~ j') (B (sqa i j))
8) = 1b' j'
1) = b
8) = ub' i'
i

J':D - B (sgaid) [ G vive ~ j') » sgb'-hollow i' j' ]
= inS (SqFillB (sga i j) 1b' rb' ub' db' i' j')

YiI) - (B(sqai' )L (i'vei'vi'vej') e sqb-hollow i' j' ]
sqb i' j' = inS (comp (A k » B (spread i j i' j' k)) (
A where
k (i' = i8) - Lemmal (~ k) j'

k (i' = i1) » LemmaR (~ k) j'
j' = i8) > Lemmal (~ k) i’
i1) » LemmaD (~ k) i') (outS (sgb' i' j')))
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How did the SqFill proofs go?

« Theorem (SqFill-Pi): If A: Type and B : A — Type has the SqFill property, then so

does II(a : A).B a. Trivial!

« Theorem (SqFill-Sigma): If A : Type and B : A — Type has the SqFill property, then
so does X(a : A).B a. Very complicated.

if_then_elseend : I>1->1~1
if i then j else k end = (k A (~ 1V §)) v ((i Vv k) A j)

{-# INLINE if_then_else_end #-}

SqFillSignaAB : SqFill (X[ a € A ] B a)
SqFillSigmaAB 1 r u d i j .fst = SqFillA (cong fst 1) (cong fst r) (cong fst u) (cong fst d) i j
SqFillSigmaAB {lu} {1d} 1 {ru} {rd} rudi j .snd = outS (sgb i j)
where
sga : Square (cong fst 1) (cong fst r) (cong fst u) (cong fst d)
sga = SqFillA (cong fst 1) (cong fst r) (cong fst u) (cong fst d)

spread : (i

ji'j' :I)-sqgaij=sqgai'j'
spread i j i' j' k = sqa (if k then i' else i end) (if k then j' else j end)

lub : B (sqa iB i8)

lub = snd lu

lub' : B (sga i j)

lub' = transport (A k » B (spread i8 i@ i j k)) lub

LemmaLU : PathP (A k » B (spread i8 i8 i j k)) lub lub'

LemmalU k = transp (A 1 - B (spread i8 i8 i j (k A 1))) (~ k) lub

ldb : B (st 1d)

1db = snd 1d

ldb' : B (sqa i j)

1db' = transport (A k » B (spread i@ i1 i j k)) 1db

LemmalD : PathP (A k » B (spread i8 i1 i j k)) 1ldb 1db'

LemmalD k = transp (A 1 - B (spread i8 i1 i j (k A 1))) (~ k) ldb

1b : PathP (A k » B (spread iB i@ i8 i1 k)) lub 1ldb
1b = cong snd 1
1b' : PathP (A k » B (spread i j i j k)) lub' 1db'
1b' j' = comp (A k » B (spread (k A i) (k A j) (k A1) (~kV3)j))
(A where
k (j' = i8) - Lemmall k
k (§' = i1) - LemmalD k) (1b j')
Lemmal : PathP (A k' » PathP (A k » B (spread (k' A i) (k' A j) (k' A i) (~ k' V j) k)) (LemmalU k')
(LemmalD k')) 1b 1b'
Lemmal k' = transport-filler (A k' - PathP (A k » B (spread (k' A i) (k' A j) (k' A i) (~ k' V j) k))
(LemmaLU k') (LemmalD k')) 1b k'
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rub : B (fst ru)

rub = snd ru

rub' : B (sqa i j)

rub' = transport (A k » B (spread i1 i8 i j k)) rub

LemmaRU : PathP (A k » B (spread i1 i8 i j k)) rub rub'

LemmaRU k = transp (A 1 » B (spread i1 i8 i j (k A 1))) (~ k) rub

rdb : B (fst rd)

rdb = snd rd

rdb' : B (sqa i j)

rdb' = transport (A k » B (spread i1 i1 i j k)) rdb

LemmaRD : PathP (A k - B (spread i1 i1 i j k)) rdb rdb'

LemmaRD k = transp (A 1 » B (spread i1 i1 i j (k A 1))) (~ k) rdb

rb : PathP (A j » B (sqa i1 j)) rub rdb
rb = cong snd r

sgb'-hollow :
rb' : rub' = rdb' sgb'-hollow i' j' (i
rb' j' = comp (A k » B (spread (~ k v i) (k A j) (~ k v i) (~k Vv j)j") sgb'-hollow i' j' (i
(A where

k (j' = i@) > LemmaRU k
k (j' = i1) » LemmaRD k) (rb j')
LemmaR : PathP (A k' » PathP (A k » B (spread (~ k' v i) (k' A j) (~ k' v i) (~ k' v j) k)) (LemmaRU k') sgb' :
(LemmaRD k')) rb rb'
LemmaR k' = transport-filler (A k' = PathP (A k = B (spread (~ k' v i) (k' A j) (~ k' v i) (~ k" V j) k)
(LemmaRU k') (LemmaRD k')) rb k'

sgb' i

sgb : (' §
ub : PathP (A i - B (sqa i i8)) lub rub
ub = cong snd u
ub' : lub' = rub'
ub' i' = comp (A k » B (spread (k A i) (k A j) (~ kv i) (kA j)i'))
(A vhere
k (i' = i8) ~ Lemmall k
k (i' = i1) > LemmaRU k) (ub i')
Lemmal : PathP (A k' -» PathP (A k » B (spread (k' A i) (k' A j) (~ k' v i) (k' A j) k)) (Lemmall k')
(LemmaRU k')) ub ub'
Lemmal k' = transport-filler (A k' - PathP (A k » B (spread (k' A i) (k' A j) (~ k' v i) (k' A J) K))
(LemmaLU k') (LemmaRU k')) ub k'

db : PathP (A i » B (sga i i1)) 1db rdb
db = cong snd d
db' : 1db' = rdb'

sgb-hollow :
sgb-hollow i' j' (i' = i8) = 1 j' .snd
sgb-hollow i' j' (i' = i1) = r j' .snd
sgb-hollow i' j' (j' = i8) = u i' .snd
sgb-hollow i' j' (j' = i1) =d i' .snd

sgb'-hollow i' j'
sgb'-hollow i' j' (j' = i1) = db'

i

db' i' = comp (A k » B (spread (k A 1) (~ k v ) (~k v i) (~ kv j)i')

(A where
k (i' = i8) > LemmalD k
k (i' = i1) > LemmaRD k) (db i')

(' §' : 1) - Partial (i' v j' v~ i' v~ j') (B (sqai'j')

(i' §' : 1)~ Partial (i' v j' v~ 1i' v~ j') (B (sqa i j))
8) = 1b' j'
1) = b
8) = ub' i'
i

D> B(sqai )G v v~ ~§') » sgb'-hollow i' j' ]
in$ (SqFillB (sga i j) 1b' rb' ub' db' i' j')

:ID) > (B (sqai' ) [ (i'vaei'Vvj' vej')we sgb-hollow i' j' ]

sqb i' j' = inS (comp (A k » B (spread i j i' j' k)) (

A where
k (i' = i8) - Lemmal (~ k) j'
k (i' = i1) ~ LemmaR (~ k) j'
j' = i8) > Lemmal (~ k) i’
i1) = LemmaD (~ k) i') (outS (sgb' i' j')))

02 September, 2025

LemmaD : PathP (A k' - PathP (A k » B (spread (k' A i) (~ k' V j) (~ k' v i) (~ k' V j) k)) (LemmalD k')
(LemmaRD k')) db db*

LemmaD k' = transport-filler (A k' - PathP (A k » B (spread (k' A i) (~ k' Vv j) (~ k' v i) (~ k' V j) k))
(LemmalD k') (LemmaRD k')) db k'
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How did the SqFill proofs go?

« Theorem (SqFill-Coproduct): If A B : Type have the SqFill property, then so does
AW B.

S ]

Encoding an inl hollow square from Aw B to A.
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How did the SqFill proofs go?

« Theorem (SqFill-Coproduct): If A B : Type have the SqFill property, then so does
AW B.

inl lu U > inl ru

N N

[ AW B r

N N

inl 1d d > inl rd

Encoding an inl hollow square from Aw B to A.
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How did the SqFill proofs go?

« Theorem (SqFill-Coproduct): If A B : Type have the SqFill property, then so does

AW B.
inl_lu U > inl__ru
\l AW B ™ r
N N

T A inl 1d d > inl__rd
T T A
T A

lu ru T A
1d rd

Encoding an inl hollow square from Aw B to A.
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How did the SqFill proofs go?

« Theorem (SqFill-Coproduct): If A B : Type have the SqFill property, then so does

AW B.
inl_lu U > inl__ru
\l AW B ™ r
N N

A inl 1d d > inl__rd
T T A
T A

lu ------mmmemeee- e(u) - > ru A

e(l) A e(r)
o 1; [— e(d) -3 rd

Encoding an inl hollow square from Aw B to A.
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How did the SqFill proofs go?

« Theorem (SqFill-Coproduct): If A B : Type have the SqFill property, then so does
AW B.

1d e(d) > rd
Decoding (applying inl to) the filled square in A backto A v B.
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How did the SqFill proofs go?

« Theorem (SqFill-Coproduct): If A B : Type have the SqFill property, then so does
AW B.

lu e(u) — ru

e(l) SqFill A e(r)

[N

1d e(d) > rd
Decoding (applying inl to) the filled square in A backto A v B.
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How did the SqFill proofs go?

« Theorem (SqFill-Coproduct): If A B : Type have the SqFill property, then so does

AW B.
inl lu inl ru
inl inl 1d inl rd
inl
i inl 1
lu — e(u) — ru inl
.
e(l) SqFill A e(r)

\--

1_(-1 e(d) > T
Decoding (applying inl to) the filled square in A backto A v B.
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How did the SqFill proofs go?

« Theorem (SqFill-Coproduct): If A B : Type have the SqFill property, then so does

AW B.
inl lu d(e(u)) — inl ru
lg AW B T
inl 1n1 ld —d( el(d — 1111 rd
inl
I inl 1
lu —e(u) — ru inl
N (0) SqFill A (r)
e qFi e(r
1 \ 1
S e(d) ' 1d

Decoding (applying inl to) the filled square in A backto A v B.
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How did the SqFill proofs go?

« Theorem (SqFill-Coproduct): If A B : Type have the SqFill property, then so does
AW B.

Aligning by hcomp along d(e(p)) = p.
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How did the SqFill proofs go?

« Theorem (SqFill-Coproduct): If A B : Type have the SqFill property, then so does

AW B.
inl lu - () > inl ru
d(e(u))
inl lu > inl ru
|
l d(e(l)) AwB d(e(r)) r
inl 1d > inl rd
g d(e(d)
inrld ---------------------- d ----mmmmmm e > inlvrd

Aligning by hcomp along d(e(p)) = p.
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How did the SqFill proofs go?

« Theorem (SqFill-Coproduct): If A B : Type have the SqFill property, then so does

AW B.
inl lu - () > inl ru
\ dE u " /
d(e(u))
inl lu > inl ru
dE 1 | dE r
|<—— d(e(l)) AwB d(e(r)) ——r
inl 1d > inl rd
d(e(d))
“ dE d
inl 1d -----------------o-- d ----mmmmmm e »inl rd

Aligning by hcomp along d(e(p)) = p.
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How did the SqFill proofs go?

« Theorem (SqFill-Coproduct): If A B : Type have the SqFill property, then so does A &
B. Classic encode-decode proof [MGMO4, Uni13].

inl Iy - () »inl ru
\ aBu | /
d(e(u))
inl Iu > inl ru
dE] | dE r
|<—— d(e(l)) AwB d(e(r)) —r
inl 1d > inl rd
d(e(d))
“ dE d
inl Id -----------m d -m-mmmmm > inl rd

Aligning by hcomp along d(e(p)) = p.
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How did the SqFill proofs go?

« Theorem (SqFill-Coproduct): If A B : Type have the SqFill property, then so does A &
B. Classic encode-decode proof [MGMO4, Uni13].

Cover : {A B : Type} (cc' : A+ B) » Type
Cover (inl x) (inl y) = x =y

Cover (inr x) (inry) = x =y

Cover _ _ =1

reflCode : {A B : Type} (¢ : A + B) » Cover c ¢
reflCode (inl x) = refl
reflCode (inr x) = refl

encode : {AB : Type} {cc' : A+B}~>c=c'~ Cover cc'
encode {c = ¢} p = transport (A i » Cover ¢ (p i)) (reflCode c)

decode : {A B : Type} {cc' : A+ B} »Covercc' »c=c'
decode {c = inl x} {c' = inl y} = cong inl
decode {c = inr x} {c' = inr y} = cong inr

decodeEncode : {A B : Type} {fc c¢' : A+ B} (p : c =c') - decode (encode p) = p
decodeEncode {c = inl x} = J (A ¢' p » decode (encode p) = p) (cong (cong inl) (transportRefl refl))
decodeEncode {c = inr x} = J (A ¢' p » decode (encode p) = p) (cong (cong inr) (transportRefl refl))
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How did the SqFill proofs go?

« Theorem (SqFill-Coproduct): If A B : Type have the SqFill property, then so does A &
B. Classic encode-decode proof [MGMO4, Uni13].

SqFillCoproduct : SqFill (A + A')
SqFillCoproduct {inl 1lu} {inl 1d} 1 {inl ru} {inl rd} rudi j =
(hcomp (A where

k (i = i8) ~ decodeEncode 1 k j
k (i = i1) » decodeEncode r k j
k (j = i8) » decodeEncode u k i
k (j = i1) » decodeEncode d k i)

(inl {A} {A'} (SqFillA (encode 1) (encode r) (encode u) (encode d) i j)))
SqFillCoproduct {inr 1lu} {inr 1d} 1 {inr ru} {inr rd} rudi j =
(hcomp (A where

k (i = i8) ~ decodeEncode 1 k j
k (i = i1) - decodeEncode r k j
k (j = i8) ~ decodeEncode u k i
k (j = i1) » decodeEncode d k i)

(inr {A} {A'} (SqFillA' (encode 1) (encode r) (encode u) (encode d) i j)))
SqFillCoproduct {inl x} {inr y} 1 _ = l-elim (inl#inr x y 1)
SqFillCoproduct {inr x} {inl y} 1 _ _ _ = L-elim (inl#inr y x (sym 1))
SqFillCoproduct {inl x} {_} _ {inr y} _ l-elim (inl#inr x y u)
SqFillCoproduct {inr x} {_3} _ {inl y} _ u _ = Ll-elim (inl#inr y x (sym u))
SqFillCoproduct {_} {inl x} _ {_} {inr y} _ _ d = L-elim (inl#inr x y d)
SqFillCoproduct {_} {inr x} _ {_} {inl y} _ _ d = l-elim (inl#inr y x (sym d))
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How did the SqFill proofs go?

« Theorem (SqFill-Coproduct): If A B : Type have the SqFill property, then so does A &
B. Classic encode-decode proof [MGMO4, Uni13].

« Theorem (SqFill-Path): If A : Type has the SqFill property, then for any a b : A, the
path type a =, b also has the SqFill property.

lu\ U >ru\
l& CLEAb r
1d d— rd
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How did the SqFill proofs go?

« Theorem (SqFill-Coproduct): If A B : Type have the SqFill property, then so does A &
B. Classic encode-decode proof [MGMO4, Uni13].

« Theorem (SqFill-Path): If A : Type has the SqFill property, then for any a b : A, the
path type a =, b also has the SqFill property.

lu\ U >ru\
l& CLEAb g
1d d— rd

lu —reﬂ—> lu
reﬂ a=,0b reﬂ
lu —reﬂ—> lu
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How did the SqFill proofs go?

« Theorem (SqFill-Coproduct): If A B : Type have the SqFill property, then so does A &
B. Classic encode-decode proof [MGMO4, Uni13].

« Theorem (SqFill-Path): If A : Type has the SqFill property, then for any a b : A, the
path type a =, b also has the SqFill property.

lu\ U >ru\
P, e=alory
ld ;d—> rd

lu —reﬂ—> lu '
reﬂ a=,b reﬂ
lu —reﬂ—> lu
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How did the SqFill proofs go?

« Theorem (SqFill-Coproduct): If A B : Type have the SqFill property, then so does A &
B. Classic encode-decode proof [MGMO4, Uni13].

« Theorem (SqFill-Path): If A : Type has the SqFill property, then for any a b : A, the
path type a =, b also has the SqFill property.

lu\ u— ru dj
7 I, @=4a If Ty a > b

1d vri-d—> rd

A i ,E\ refl SqF|II A refl
lu —reiﬂ——> lu '

N\ \

reﬂx a =, b reﬂx a lu > b
L <L R isProp: Every line on the sides is a square
in A, which follows from the SqFill A

assumption.
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How did the SqFill proofs go?

« Theorem (SqFill-Coproduct): If A B : Type have the SqFill property, then so does A &
B. Classic encode-decode proof [MGMO4, Uni13].

« Theorem (SqFill-Path): If A : Type has the SqFill property, then for any a b : A, the
path type a =, b also has the SqFill property. Simple.

SqFillPath : {a b : A} » SqFill (a = b)
SqFillPath {_} {_} {lu} 1 rudij =
hcomp (A k » A {(i = i8) - isPropa=b 1lu (1 j) k
; (i = i1) » isPropa=b 1u (r j) k
; (j = 10) » isPropa=b 1u (u i) k
; (j = 11) » isPropa=b 1lu (d i) k}) 1u

where
isPropa=b : fab : A} (pg:a=b)->p=q
isPropa=b p q = SqFillA p q refl refl
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SqFill: Summary

SqFill (homogeneous Square-Filling)

Pi Trivial (no Kan operations)
Sigma Complicated: transport-fill-align

Standard encode-decode proof

Coproducts (J. hcomp)

Path Types | Simple (a single hcomp)

SqFill-Sigma was complicated because the second projection (dependent) was
heterogeneous!
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Generalising SqFill: SqPFill

A square of types A : I — I — Type has the heterogeneous square-filling property
SqPFill A if the following holds:

For any hollow square in A: I — I — Type, that is
« four corners lu: A00,ru: A10,Id: A01,rd: A01,

and lu:AOOLH'u:AIO
- four sides connecting the four corners, namely , l SqPF'”f l .

1. [ : PathP (\j > A0j) luld

2. r:PathP (A\j - A1j) rurd d: A01——rd: A11

3. u: PathP (A\i — A40) luru d

4, d: PathP (Mi > Ai1) ldrd
then the square has a filling: PathP (A(i : I) — PathP (A(j:1).Ai7) (ui) (di))lr.
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How did the SqPFill proofs go?

- Bad news: SqPFill-Pi is now exceedingly hard (was trivial).
» The inverse problem of SqFill-Sigma previously: we have a homogeneous square
to fill from a heterogeneous SqPFill assumption...
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How did the SqPFill proofs go?

- Bad news: SqPFill-Pi is now exceedingly hard (was trivial).
» The inverse problem of SqFill-Sigma previously: we have a homogeneous square
to fill from a heterogeneous SqPFill assumption...

- Good news: SqPFill-Sigma is trivial. (Great!)
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How did the SqPFill proofs go?

- Bad news: SqPFill-Pi is now exceedingly hard (was trivial).
» The inverse problem of SqFill-Sigma previously: we have a homogeneous square

to fill from a heterogeneous SqPFill assumption...
- Good news: SqPFill-Sigma is trivial. (Great!)

- Okay news: SqPFill-Coproduct follows exactly the same way (encode-decode).
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How did the SqPFill proofs go?

Bad news: SqPFill-Pi is now exceedingly hard (was trivial).
» The inverse problem of SqFill-Sigma previously: we have a homogeneous square
to fill from a heterogeneous SqPFill assumption...

Good news: SqPFill-Sigma is trivial. (Great!)

Okay news: SqPFill-Coproduct follows exactly the same way (encode-decode).

Bad news: SqPFill-Path is now very complicated (was just one hcomp)... or a more
unconventional induction hypothesis (similar to course-of-values induction)

Full proofs: clickable HTML version of Agda <7 proofs + diagrams in report.
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https://swampertx.github.io/hset-cubical/Everything.html

Summary and Observations

SqFill (homogeneous Square-Filling)

SqPFill  (heterogeneous  Square-
Filling)

Pi
Sigma

Coproducts

Path Types

Trivial (no Kan operations)
Complicated: transport-fill-align*

Standard encode-decode proof
(J, irregularity*, hcomp)

Simple (a single hcomp)

The proofs can be simplified if...

Complicated: transport-fill-align*T
Trivial (no Kan operations)

Standard encode-decode proof
(J, irregularity?, comp)

Complicated: transport-fill-align*"

*: the equality function was definable in a de Morgan algebra (specifically I) (?)

I :the coey(iy,i,) function needs to have eta: coe, (i,i) =i atall & : I.

Foirregularity [Swa18] in CubTT (very slightly) complicates the encode-decode proof.

™ :trivial if using a stronger (course-of-values style) induction hypothesis.
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Conclusion and Future Work




Conclusion

Contributions

» Implementation of a --cubical=no-glue variant in Agda.

« Computational UIP by “pushing through” type formers.

- SqFill and SqPFill as “generalisations” of UIP.

 Preservation proofs for Pi, Sigma, Coproduct, and Path types in --cubical=no-glue.

Future Work

- Preservation by inductive types (W-Types) and heterogeneous path types PathP.
» PathP just slightly more heterogeneous than path types.

« Show nice properties of the resulting theory: Canonicity, Normalisation...

* Implement --cubical=uip (WIP on https://github.com/SwampertX/agda/tree/cubical-
uip)

 Question: pattern matching with K on Identity types in --cubical={no-glue/uip}?

 Question: what constitutes a good computational rule?
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Thank you!



Related Works

XTT [SAG22]

- Cubical Type Theory (without Glue Types) with definitional UIP: two paths are
definitionally equal if they have the same endpoints

- Requires a non-standard universe where type constructors are injective up to paths

- also possible to show the consistency of our theory by a translation into XTT.

Setoid Type Theory [Alt99, Alt+19, Hof95]

- add functional extensionality, propositional extensionality, and quotient types to
intensional type theory

« “More observational” than CubTT + UIP: equality between pairs is definitionally
equal to the pointwise equalities of the first and second components, but only an
isomorphism in Cubical Type Theories.
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